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Abstract This paper investigated the fracture behavior of a magneto-electro-elastic material subjected to
transient electrical, magnetic and mechanical loads. The “smart” medium contains a straight-line crack, which
is parallel to its poling direction and free boundary surface. The Fourier and Laplace transform techniques
are used to reduce the problem to the solution of one Fredholm integral equation in Laplace domain and
second equation in real domain. The Laplace inversion yields the result in the time domain. The equation
in real domain is solved exactly. The semipermeable crack-face magneto-electric boundary conditions are
utilized. Field intensity factors of stress, electric displacement, magnetic induction, crack displacement, electric
and magnetic potentials and the energy release rate are determined. The electric displacement and magnetic
induction of crack interior are discussed. Strong coupling between stress and electric and magnetic field near
crack tips has been found. Numerical results are presented, and some conclusions are drawn.
Keywords MEEMs half-space · Dielectric crack · Semipermeable condition · Fourier and Laplace transforms ·
Transient problem · Field intensity factor · Energy release rate · Exact solution
1 Introduction
Many piezo-electro-magnetic devices may experience transient loads. For example, devices such as phase
change transducers and pulse generators for igniter and high voltage transformers are almost routinely subjected
to very large voltages over very short intervals of time. The magneto-electro-mechanical impact loading
generates elastic waves through the structure, which are reflected and refracted at cracks, causing the local
stresses to increase beyond its corresponding value under static loads of the same magnitude. This intensification
of local stress could initiate unstable motion of the crack and result in fracture of the structure. Therefore,
many authors have studied the dynamic fracture of piezo-electric materials. Ueda [1], Nishioka et al. [2], Jin
et al. [3], Li and Tang [4], He [5], Ricci et al. [6], Chen and Worswick [7], Wang and Mai [8] and Li [9]
have analyzed fracture problems, which are limited to insulating crack. Several earlier works on magneto-
electro-elastic and piezo-electric solids with cracks: Tian and Rajapakse [10,11] are worth mentioning. In the
first paper, the solutions for plane static problem of impermeable cracks have been formulated in terms of
set of singular integral equations using Stroh formalism [12] and which are solved by a numerical integration
technique. In the second paper, an integral equation formulation has been developed to analyze of a static
response of impermeable penny-shaped cracks located at the interface of a piezo-electric bi-material system,
and numerical scheme has been used to obtain the results. Clearly, there is a need to investigate the dielectric and
magnetic conducting cracks in magneto-electro-elastic material (MEEMs) under transient electromechanical
impact. Motivated by this consideration, this paper investigates a MEEMs half-space with an electrically
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and magnetically conducting crack under an anti-plane mechanical and an in-plane electro-magnetic impact.
Exact solutions in analytical form are obtained. Since all the formulas in this paper are obtained in explicit
expressions, this study may serve as a benchmark for further investigations in MEEMs.
2 Basic equations
For a linear MEEMs under anti-plane shear coupled with in-plane electric and magnetic fields, there is only
the non-trivial anti-plane displacement w, that is,
ux = 0, uy = 0, uz = w(x, y, t) (1)
strain components γxz and γyz , that is,
γxz = ∂w
∂x
, γyz = ∂w
∂y
(2)
stress components τxz and τyz , in-plane electric and magnetic potentials φ and ψ , which define electric and
magnetic field components Ex , Ey, Hx and Hy as follows
Ex = −∂φ
∂x
, Ey = −∂φ
∂y
, Hx = −∂ψ
∂x
, Hy = −∂ψ
∂y
(3)
and electrical displacement components Dx , Dy , and magnetic induction components Bx , By with all field
quantities being the functions of coordinates x and y and time t .
The generalized strain–displacement relations (2) and (3) have the form:
γαz = w,α, Eα = −φ,α, Hα = −ψ,α (4)
where α = x, y and w,α = ∂w/∂α.
For linear MEEMs, the coupled constitutive relations can be written in the matrix form
[
ταz, Dα, Bα
]T = C [γαz,−Eα,−Hα
]T (5)









where c44 is the shear modulus along the z-direction, which is the direction of poling and principal axis of elastic
symmetry, perpendicular to the isotropic plane (x, y), ε11 and μ11 are dielectric permittivity and magnetic
permeability coefficients, respectively, e15, q15 and d11 are piezo-electric, piezo-magnetic and magneto-electric
coefficients, respectively.
The mechanical dynamic equilibrium equation, the charge and current conservation equations, in the
absence of the body force electric and magnetic charge densities, can be written as
τzα,α = ρw¨, Dα,α = 0, Bα,α = 0, α = x, y (7)
where ρ is the mass density of material and double dot denotes second-order derivative with respect to time.
Equations (1)–(7) define the coupled fields in a transversely isotropic MEEMs (Parton and Kudryavtsev [13]).
In view of Eqs. (4) and (5), Eq. (7) can be reduced to
C
[∇2w,∇2φ,∇2ψ]T = [ρw¨, 0, 0]T (8)
where ∇2 = ∂2/∂x2 + ∂2/∂y2 is the two-dimensional Laplace’s operator. Since |C| = 0, one can decouple
the equations (8)
∇2w = c−23 w¨, ∇2φ = α∇2w, ∇2ψ = β∇2w (9)






, c˜44 = c44 + αe15 + βq15
α = μ11e15 − d11q15
ε11μ11 − d211
, β = ε11q15 − d11e15
ε11μ11 − d211
(10)
Note that c3 is the shear wave velocity in magneto-electro-elastic body and c˜44 is the piezo-electro-
magnetically stiffened elastic constant.
Introducing two new functions φ1 and ψ1 such that:
φ1 = φ − αw, ψ1 = ψ − βw (11)
we obtain
∇2φ1 = 0, ∇2ψ1 = 0 (12)
with φ1 and ψ1 being harmonic functions.
3 Formulation of the crack problem
Consider MEEMs half-space containing a Griffith crack of length 2a, parallel to the surface of a half-space,
which is subjected to electrical, magnetic and mechanical loads. The crack is located along the x-axis from
−a to a at a depth h from the loaded surface with a rectangular coordinate system, as shown in Fig. 1. The
MEEMs half-space is poled in the direction of the z-axis, which guarantees the piezo-electro-magneto-elastic
material transversely isotropic properties.
In pure elastic solid, the exact solution of the above problem may be straightforwardly obtained (Ma and
Chen [14]). The piezo-electro-magneto-elastic case is more complicated, with most of the difficulty stemming
from the imposition of the electrical and magnetic boundary conditions.
To solve the crack problem in linear elastic solid, the superposition technique is usually used. Thus, we
first solve the magneto-electro-elastic field problem without cracks in the medium under electrical, magnetic
and mechanical loads. This elementary solution is:
τyz = τ0





























Then, we use equal and opposite quantities as the crack surface traction and utilize the unknowns d0 and b0.




and − (B¯ − b0
)
are, respectively, mechanical, electrical and magnetic
loadings applied on the cracks surfaces (the so-called perturbation problem). The boundary conditions can be
written as follows:
Fig. 1 The MEEMs half-space with a crack parallel to its surface under an anti-plane mechanical and in-plane electrical and
magnetic impact. Inside the crack the unknown electro-magnetic field appears (d0 and b0 are unknown to be determined)
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τzy (x, h±, t) = −τ0 H (t)
Dy (x, h±, t) = −DH (t)




, |x | < a (13a)
τzy (x, h+, t) = τzy (x, h−, t)
Dy (x, h+, t) = Dy (x, h−, t)




, |x | < ∞ (13b)
w (x, h+, t) = w (x, h−, t)
φ (x, h+, t) = φ (x, h−, t)




, |x | > a (14)
τzy (x, 0, t) = 0
Dy (x, 0, t) = 0




, |x | < ∞ (15)
where H(t) is the Heaviside unit step function defined as:
H(t) =
{
0; t ≤ 0
1; t > 0 (16)
Of course, in perturbation problem, the surface of the half-space is free. The electric displacement d0 and the
magnetic induction b0 inside the crack are unknowns and should be further determined. This field is uniform if
the applied loading (−τ0, D¯, B¯) is uniform (Rogowski [15]), but its changes with time in transient problem.
Thus, on the crack surfaces, the fields
D = D¯ − d0 (t)
B = B¯ − b0 (t) (17)
are used in Eq. (13a). In the formulation of boundary conditions, we considered a flaw in the medium as
a cleavage crack of zero gap width (the so-called mathematical crack). In fracture mechanics experiments,
however, the flaw in a specimen is usually cut with a tool of finite thickness. Thus, flaws in the experiments are
not like cleavage cracks of zero gap width, but rather like notches with a finite width. Suppose the thickness δ
of the notch is sufficiently small, except near the tip of the notch, the gradient of the notch opening along the
notch is small. Along the y direction, the electric field Ecy and the electric displacement d0, the magnetic field








, b0 = μc Hcy (18)
where φ± ≡ φ (x, h±, t) and δ (x) describe the shape of the notch and εc, μc are the dielectric permittivity
and magnetic permeability of crack interior. Equation (18) is valid if we suppose the notch profile δ (x) is
sufficiently small, except the notch tips, the gradient of notch opening along the notch is small. Since the notch
profile δ (x) is sufficiently small, the crack solution can still approximately applied to the notch problem. If
we assume the elliptic notch profile such that:
δ (x) = δ0
a
√
a2 − x2 (19)








a2 − x2 = − (ψ+ − ψ−) (20)
Equation (20) form two coupling linear equations with respect to d0 and b0 since φ+ and φ− depend linearly
on these quantities. If the boundary conditions consist electric displacement D and magnetic induction B, as
in Eq. (13a), it is convenient to introduce two new unknown functions instead of φ1 and ψ1, such that:
The transient analysis of a conducting crack in magneto-electro-elastic half-space 33
χ = −ε11φ1 − d11ψ1
η = −d11φ1 − μ11ψ1 (21)
Then
φ1 = e1χ + e2η
ψ1 = e2χ + e3η (22)
where
e1 = − μ11
ε11μ11 − (d11)2
, e2 = d11
ε11μ11 − (d11)2
, e3 = − ε11
ε11μ11 − (d11)2
(23)
The stress, electric potential φ and displacement Dk , magnetic potential ψ and induction Bk and governing
integral equations are:
τzk = c˜44w,k − αDk − βBk (24)
φ = e1χ + e2η + αw (25)
ψ = e2χ + e3η + βw (26)
Dk = χ,k (27)
Bk = η,k, k = x, y (28)
∇2w = ρw¨c−23 (29)
∇2χ = 0, ∇2η = 0 (30)











α α2 + c˜44e1 αβ + c˜44e2
β αβ + c˜44e2 β2 + c˜44e3
⎤
⎦ (31)
and is the matrix generalized compliances of MEEMs. These material parameters will be appeared in our
solutions.
4 Fredholm integral equations of the second kind
Define the Laplace and Fourier transforms pair by the equations:
f ∗ (p) =
∞∫
0












fˆ (s) cos (sx) ds (32b)
in which Br denotes the Bromwich path of integration. The time- and x-dependences in Eqs. (24)–(30) are
eliminated by the application of Eqs. (32a) and (32b).
Considering the symmetry about y-axis in the functions w, φ and ψ (or w, χ and η), the Fourier cosine
transform is then applied, resulting in:
wˆ∗ (s, y, p) = A1 (s, p) e−γ y
χˆ∗ (s, y, p) = B1 (s, p) e−sy




, y > h (33)
wˆ∗ (s, y, p) = A2 (s, p) e−γ y + A3 (s, p) eγ y
χˆ∗ (s, y, p) = B2 (s, p) e−sy + B3 (s, p) esy




, 0 ≤ y < h (34)
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in which
γ (s, p) =
√
s2 + p2c−23 (35)
In the domain y > h, the solution has the form (33) to ensure the regularity condition at infinity. The
transforms of Eqs. (24)–(28) yield:
φˆ
∗
(s, y, p) = e1χˆ ∗ (s, y, p) + e2ηˆ∗ (s, y, p) + αwˆ∗ (s, y, p)
ψˆ
∗





,y − α Dˆ
∗












The unknown functions Ai (s, p) , Bi (s, p) and Ci (s, p) , i = 1, 2, 3 are obtained from the boundary
conditions (13b) and (15), which in transform domains may be written as:
τˆ ∗zy (s, h+, p) = τˆ ∗zy (s, h−, p)
Dˆ∗y (s, h+, p) = Dˆ∗y (s, h−, p)
Bˆ∗y (s, h+, p) = Bˆ∗y (s, h−, p)
τˆ ∗zy (s, 0, p) = 0
Dˆ∗y (s, 0, p) = 0
Bˆ∗y (s, 0, p) = 0 (37)
The result is:
A1 (s, p) = fˆ (s, p)
(
e−γ h − eγ h
)








A2 (s, p) = A3 (s, p) = fˆ (s, p) e−γ h
B2 (s, p) = B3 (s, p) = gˆ (s, p) e−sh
C2 (s, p) = C3 (s, p) = hˆ (s, p) e−sh (38)
where fˆ (s, p) , gˆ (s, p) and hˆ (s, p) are new unknown functions, Finally, the solutions for the half-space
y ≥ 0 in Laplace domain are:






sgn (y − h) e−γ |y−h| − e−γ (y+h)
]
cos (sx) ds






sgn (y − h) e−s|y−h| − e−s(y+h)
]
cos (sx) ds






sgn (y − h) e−s|y−h| − e−s(y+h)
]
cos (sx) ds (39)






γ fˆ (s, p)
(
e−γ |y−h| − e−γ (y+h)
)
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cos (sx) ds (40)
where sgn (y − h) = +1 or sgn (y − h) = −1 for y > h or y < h, respectively.
The potentials φ∗ and ψ∗ are obtained from Eq. (36). The unknown functions fˆ (s, p) , gˆ (s, p) and hˆ (s, p)





γ fˆ (s, p)
(
1 − e−2γ h
)

























, |x | < a (41)
∞∫
0
fˆ (s, p) cos (sx) ds = 0
∞∫
0
gˆ (s, p) cos (sx) ds = 0
∞∫
0




, |x | > a (42)
Here D = D¯ − d∗0 (p) and B = B¯ − b∗0 (p) (the asterisk * in D and B is omitted to the sake of brevity).







































Note that both gˆ (s, p) and hˆ (s, p) have the same nature being proportional to D = D¯ − d0 (p) and




































u J0 (su) du (44)
where J0 (su) is the Bessel function of the first kind and zero order and f (u, p) , g (u, p) and h (u, p) are new
auxiliary functions. This representation satisfies equations (42) automatically and converts equations (41) to
the Abel integral equations, which can be inverted explicitly. Here we omit details for saving space. As a result
of well-known mathematical techniques, the Fredholm integral equations of the second kind are obtained as
follows:
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f (u, p) +
a∫
0








h (v) K (u, v) dv = 1 (45)
with the kernels
K (u, v, p) = Kd (u, v, p) − K (u, v)
Kd (u, v, p) = v
∞∫
0
(γ (s, p) − s)
(
1 − e−2γ h
)
J0 (su) J0 (sv) ds
K (u, v) = v
∞∫
0
se−2sh J0 (su) J0 (sv) ds (46)
Note that g (u, p) = g (u) , h (u, p) = h (u) since the kernel function K (u, v) is independent on p.
Additionally, g (u) = h (u). But gˆ (s, p) and hˆ (s, p) in Eq. (44) are dissimilar since are proportional to
D¯ − d0 (p) and B¯ − b0 (p), respectively, and d0 (p) and b0 (p) are dissimilar functions. Note that K (u, v, p)
is expressed as the difference of transient part Kd (u, v, p) and static part K (u, v).
The kernel functions K (u, v) may be presented in more useful form. Using the Neuman’s theorem (Watson
[16]):




J0 (s R) dα, R2 = u2 + v2 − 2uv cos α (47)
and the integral (Gradshteyn and Ryzhik [17])
∞∫
0
s J0 (s R) e−2shds = 2h[
R2 + (2h)2]3/2
(48)
the kernel function becomes






1 − k2 cos2 α)3/2
l2 = (u + v)2 + 4h2, k2 = 4uv
l2
(49)
The kernel function is presented by means of elliptic integral. The integral equation (45)2,3 can be solved
by iterative method.
The recurrence formula is:
gi (u) = 1 +
a∫
0
gi−1 (v) K (u, v) dv, g0 (v) = 1, i = 1, 2, . . . n (50)
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1 − k20 cos2 α
)1/2















, 0 ≤ u ≤ a (53)









, 0 ≤ u ≤ a (54)
and is satisfied for all of u and a/h.
For h → ∞, (2/π) K (k0) → 1 and (l0/2h) → 1, while for h → 0, we have the logarithmic singularity
of K (k0) at u = a:
























, δ = a
h
(56)
The values of g (a/h) changes from 1 to 2 for all of a/h, and g (u) is given explicitly by Eq. (53). The
analytical solution (53) of the Fredholm integral equation (45) with the kernel function (46) is new to the
author’s best knowledge. It may be utilized also in the analysis of the contact and inclusion problems in
context of the magneto-electro-elastic materials.
The transient kernel function Kd (u, v, p) may be calculated as follows:






1 − e−2γ h
γ (s, p) + s J0 (su) J0 (sv) ds (57)
To accelerate convergence of the improper integral in (57), we introduce the function:


























































; 0 < u ≤ v (60)
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where I0 (·) and K0 (·) are the modified zero order Bessel functions of the first and second kind, respectively.





, since for large argument s, we have (Watson [16]):




(cos [s (u − v)] − sin [s (u + v)]) (61)
The integral in finite interval 0 ≤ s ≤ s0 is evaluated numerically by means, for example, of Simpson’s
rule and for the remainder, in the interval s0 < s < ∞, we integrate by part the function (61) with multiplier
s−3 and use the cosine- and sine-integrals.
The method of successive iteration gives the solution for f (u, p):
fi (u, p) = 1 −
a∫
0
fi−1 (v, p) [Kd (u, v, p) − K (u, v)] dv, f0 (v, p) = 1, i = 1, 2, . . . , n (62)
Once f (u, p) in the Laplace transform domain is determined from Eq. (62), its inversion f (u, t) can be
determined by numerical method, which is presented in the Sect. 5.
4.1 Dynamic field intensity factors
The displacement, electric potential and magnetic potential on the crack plane can be expressed, in Laplace
domain, in terms of unknown functions as:






f (u, p) u√
u2 − x2 du −
a∫
0
f (u, p) udu
∞∫
0
e−2γ h cos (sx) J0 (su) ds
⎤
⎦





α (τ0 + Dα + Bβ) f (u, p)
c˜44
+ (e1 D + e2 B) g (u)
]
u√
u2 − x2 du




f (u, p) udu
∞∫
0
e−2γ h cos (sx) J0 (su) ds
− x
p









β (τ0 + Dα + Bβ) f (u, p)
c˜44
+ (e2 D + e3 B) g (u)
]
u√
u2 − x2 du








0 ≤ x ≤ a (63)
where again D = D¯ − d0 (p) and B = B¯ − b0 (p). Here the oblate spheroidal coordinates ζ and η have been
introduced (Rogowski [18,19]):
u2 = x2 (1 + ζ 2) (1 − η2) , 2h = xζη, xζ ≥ 0, 0 ≤ η ≤ 1 (64)
and the formulae (Rogowski [18,19])
∞∫
0
e−2sh cos (sx) J0 (su) ds = ζ
x
(
ζ 2 + η2)
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The electric displacement, magnetic induction and shear stress outside of the crack surface can be expressed
as follows:
{
D∗y (x, h±, p)



















τ ∗zy (x, h±, p) = −









1 − e−2γ h
)
cos (sx) ds
−αD∗y (x, h±, p) − βB∗y (x, h±, p) , x > a (66)
Using the integral (Rogowski [18])
∞∫
0
e−2sh sin (sx) J0 (su) ds = η
x
(
ζ 2 + η2) (67)
Equation (66) may be rewritten as follows:
{
D∗y (x, h±, p)





















ζ 2 + η2)
]
τ ∗zy (x, h±, p) = −
1
p
(τ0 + Dα + Bβ) ddx
a∫
0















J0 (su) sin (sx) ds
⎤
⎦
−αD∗y (x, h±, p) − βB∗y (x, h±, p) , x > a (68)
The singular terms of these quantities at the crack tips are:
{
D∗y (x, h±, p)








g (a) |x |√
x2 − a2
τ ∗zy (x, h±, p) ≈
1
p
(τ0 + Dα + Bβ) f (a, p) |x |√
x2 − a2 −
1
p
(Dα + Bβ) g (a) |x |√
x2 − a2 , |x | → a
+ (69)
Since the singular field near the crack tip exhibits the inverse square-root singularity, we define the stress,
































(τ0 + Dα + Bβ) f (a, p)p e
pt dp − αK D − βK B





















where D = D¯ − d0 (p) and B = B¯ − b0 (p).
Similarly, the field intensity factors associated with the crack opening displacement w (x, h±, t), electric
potential φ (x, h±, t) and magnetic potential ψ (x, h±, t) across the crack near the crack front are defined and




w (x, h+, t) − w (x, h−, t)
2
√













φ (x, h+, t) − φ (x, h−, t)
2
√




ψ (x, h+, t) − ψ (x, h−, t)
2
√
2 (a − |x |) = βKw (t) + e2 K D (t) + e3 K B (t) (72)
The intensity factors are obtained as follows:
K D (t) = g (a)√a
⎡
































D¯ − d0 (p)
] + β [B¯ − b0 (p)
]
p
f (a, p) ept dp
Kφ (t) = αKw + e1 K D + e2 K B
Kψ (t) = βKw + e2 K D + e3 K B
Kτ (t) = c˜44 Kw − αK D − βK B (73)
The dynamic energy release rate is derived in the following in a similar manner which is proposed by Pak











τyz (r + a, 0, t)w (r + a − δ, t) + Dy (r + a, 0, t)φ (r + a − δ, t)
+ By (r + a, 0, t)ψ (r + a − δ, t)
}
dr (74)
where w, φ and ψ are the jumps of displacement, electric potential and magnetic potential.
If Kw, Kφ and Kψ are the representative displacement, electric potential and magnetic potential field




Kτ Kw + K D Kφ + K B Kψ
) (74a)
Using the solution (73) G (t) is obtained as follows:
G (t) = 1
2
(
c˜44 K 2w + e1 K 2D + e3K 2B + 2e2 K D K B
) (75)
Note that all field intensity factors satisfy the constitutive equations (5), which may be rewritten as:




This is a confirmation of the correctness of obtained results.
4.2 Magneto-electric field of crack interior
In this section, the solutions of electric displacement and magnetic induction inside the crack are of interest.
Application of Eqs. (20) and (63) leads to:
















α + (B¯ − b0
)
β


























α + (B¯ − b0
)
β










u2 − x2 du (77)
where d0 = d0 (p) and b0 = b0 (p).




















u2 − x2 (78)















α + (B¯ − b0
)
β





















α + (B¯ − b0
)
β



























α + (B¯ − b0
)
β





















α + (B¯ − b0
)
β












u2 − x2 (79)
The terms on the left-hand sides and the first terms on the right- hand sides in both Eqs. (79) are singular
at x → a − 0, while the second terms on the right-hand sides tends to zero in this point. For the singularity to










α + (B¯ − b0
)
β


















α + (B¯ − b0
)
β













εc, μ0 = a
δ0
μc (81)
Equation (80) form two coupling linear algebraic equations with respect to d0 (p) and b0 (p), which are
dependent on the material properties, applied loadings and the dielectric permittivity and magnetic permeability
of crack interior. In addition, it is found that since f (a, p) and g (a) depends on the ratio a/h, the length of a






1 − ε0 α
2
c˜44
f (a, p) − ε0e1g (a)
]





f (a, p) + ε0e2g (a)
]
= D¯ + ε0 α
c˜44
τ0 f (a, p)
− (D¯ − d0
) [




+ (B¯ − b0
) [
1 − μ0 β
2
c˜44
f (a, p) − μ0e3g (a)
]
= B¯ + μ0 β
c˜44
τ0 f (a, p) (82)
The solution is:


















































































where f ≡ f (a, p) and g ≡ g (a)
The field intensity factors are obtained by substitution of (83) into (73), and energy release rate are obtained
from Eq. (75).




















α + (B¯ − b0
)
β
















4.3 Solutions based on ideal crack-face boundary conditions
Four ideal crack-face electro-magnetic boundary conditions are the limiting cases of the electromagnetically
dielectric crack model:
(i) fully impermeable case: ε0 → 0 and μ0 → 0
D¯ − d0 → D¯, B¯ − b0 → B¯ and the intensity factors are given by:













K imp.impτ (t) = c˜44 K imp.impw − αK imp.impD − βK imp.impB
K imp.impD = D¯g (a)
√
aH (t)
K imp.impB = B¯g (a)
√
aH (t)
K imp.impφ (t) = αK imp.impw (t) + e1 K imp.impD (t) + e2 K imp.impB (t)
K imp.impψ (t) = βK imp.impw (t) + e2 K imp.impD (t) + e3 K imp.impB (t) (84)
Equation (84) together with Eq. (45) indicate that Kτ , Kw, Kφ and Kψ depend directly on the material con-
stants, while K D and K B do not. Since f (a, p) and g (a) depend on the parameter of location of the crack (the
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thickness h), all field intensity factors depend on this location. Of course, these quantities depend on the level of
the magneto-electro-mechanical loadings applied on the crack surface and satisfy the constitutive equations (5).
For full impermeable case, it is seen the K D and K B do not vary with time, while the Kw, in connection
with other intensity factors Kτ , Kφ and Kψ , vary with time; in other words, the latter dynamic field intensity
factors exhibit a transient character.
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where f ≡ f (a, p) and g ≡ g (a).
The field intensity factors are:













) f (a, p) ept dp
K perm.permD = e15 K perm.permw
K perm.permB = q15K perm.permw
K perm.permτ = c44 K perm.permw
K perm.permφ = 0
K perm.permψ = 0 (87)
The energy release rate is




For static case f (a, p) = f (a) = g (a) and





where g (a) is given by Eq. (56).
(iii) electrically impermeable and magnetically permeable: ε0 → 0 and μ0 → ∞ D¯ − d0 → D¯, d0 → 0
K imp.permD = K imp.impD




































ept dp + βK imp.permB (89)
and Kτ , Kφ and Kψ are given by Eq. (73).
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The solution for the electrically impermeable and magnetically permeable crack is independent of the
applied magnetic field.
(iv) electrically permeable and magnetically impermeable: ε0 → ∞ and μ0 → 0 B¯ − b0 → B¯, b0 → 0
K perm.impB = K imp.impB




































ept dp + αK perm.impD (90)
and Kτ , Kφ and Kψ are given by Eq. (73).
The solution for the electrically permeable and magnetically impermeable crack is independent of the
applied electric displacement.
In practical applications, the following cases appear:
(i) let ε0 tends to infinity and μ0 is finite
Then
K perm.μcD = K perm.impD [1 − f1 (μ¯ (t))] + K perm.permD f1 (μ¯ (t))
K perm.μcB = K perm.impB [1 − f1 (μ¯ (t))] + K perm.permB f1 (μ¯ (t)) (91)
where
f1 (μ¯ (t)) = 11 + μ¯ (t)













(ii) let μ0 tends to infinity and ε0 is finite
Then
K εc.permD = K imp.permD [1 − f2 (ε¯ (t))] + K perm.permD f2 (ε¯ (t))
K εc.permB = K imp.permB [1 − f2 (ε¯ (t))] + K perm.permB f2 (ε¯ (t)) (93)
where
f2 (ε¯ (t)) = 11 + ε¯ (t)













In above solution, f (t) is a function of time defined by:






f (a, p) ept dp (95)
and changes from zero to one with an increase of time.
For representative magneto-electro-elastic composite BaTiO3–CoFe2O4 and first material–second material
shown in Table 1 with matrices of stiffness (107) and (108), respectively, we have (q15)2 / (μ11c44) = 5×10−5
or 5 × 10−3 and (e15)2 / (ε11c44) = 72 × 10−5 or 115 × 10−3, respectively, and in consequence, the relative
permeability μ¯ (t) and permittivity ε¯ (t) slowly increase with time.
In above equations, the notation K perm.imp denotes the intensity factors (73) for electrically permeable and
magnetically impermeable crack boundary conditions, i.e., for the values (90). Similarly, K imp.perm are defined
by Eqs. (73) and (89).
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Table 1 The material constants [26]















11.20 0.08 7.86 3.42










0.00 0.00 0.00 0.00
Fig. 2 The variation of the magnitude of dynamic electric displacement intensity factor and of the magnitude of dynamic magnetic
induction intensity factor versus the ratio of a/h (q denotes D or B)
The functions of permittivity (εc) and permeability (μc) approach zero as εc and μc tend to zero and are
unity as εc and μc tend to infinity. The solution perfectly matches the exact solution in both limiting cases,
namely permeable and/or impermeable electric and/or magnetic boundary conditions.
It is informative to consider some experimental data. Park and Sun [22] used a 0.46-mm-thick diamond
wheel to cut a flaw of 11.5 mm length in PZT-4 piezo-electric ceramic. The notch thickness to length ratio
in their test is δ0/a ≈ 0, 08. The ratio of ε11/εc is ε11/εc = 60/0, 0885 ≈ 680, and the function defined by
Eq. (94) assumes the values: 0.0355 for g (a) = 2 (h/a is very small) and f (0) = 0 (t = 0) and 0.0323 for
g (a) = 2 and f (∞) = 1.
The electric displacement intensity factor, in this case, is:


























for very small and large time, respectively.
The quantitative result is very near to this obtained in experimental test in static case in which f (a, p) =






The quantitative result (96) shows that mechanical load produces electric displacement intensity factor. In
experimental work by Park and Sun [22], the mode I crack behavior is investigated.
5 Result and discussion
The electric and magnetic response, in fully impermeable case, is proportional to the applied electric and
magnetic load, respectively, and is independent on the mechanical loads and time, as Eq. (84), implies. The
intensity factors of electric displacement and magnetic induction therefore are just a function of the geometry
of the cracked MEEMs half-space as shown in Fig. 2.
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Fig. 3 Normalized tearing displacement intensity factor (TDIF) for an impermeable crack versus non-dimensional time c3t/a;




τ0 + D¯α + B¯β
)]
From the Fig. 2, we can see that the EDIF and MIIF increase with a/h. For small values of a/h, these
quantities grow at an approximately constant rate with increasing a/h. For very large a/h, i.e., when the crack
is located near the boundary of a half-space, the intensity factors of electric and magnetic fields increase slowly
tending to 2.
To obtain the dynamic intensity factors in the physical space, the inverse Laplace transform must be
performed. Because of the difficulty to derive an explicit analytic solution, a numerical approach for carrying
out the inversion of the Laplace transform proposed by Stehfest [23] is invoked to obtain dynamic field intensity
factors in the time domain. That is, once f (a, p) in the Laplace transform domain is determined numerically,
its inversion f (a, t) can be determined by the following scheme:
















(L − m)!m! (m − 1)! (n − m)! (2m − n)! (98)
where [(n + 1) /2] is the integer part of the real number (n + 1) /2 and N is the number of terms employed.
This method not only has reasonable accuracy for a fairly wide range of Laplace transforms [24], but also is
very easy and simple, as compared to other numerical inversions such as Miller and Guy [25]. In (97), only
one parameter L is involved, which is suggested by Stehfest [23] to be taken as lower integers, while more
than two parameters are involved to other methods for an inversion of the Laplace transform.
Figure 3 shows the response of normalized dynamic tearing displacement intensity factor (or COD intensity
factor) versus non-dimensional time c3t/a, where c3 is defined by Eq. (10), under complex loading τ0 + D¯α+
B¯β, where D¯ and B¯ are defined by Eq. (13) and α, β by Eq. (10).
It is seen that when a/h increases, the peak of TDIF increases greatly from 1,2 through 1,4 to 2,2 for
a/h = 1, 2,→ ∞, respectively. In addition, the increase of a/h (1, 2,∞) reduces the non-dimensional
time at which TDIF reaches its peak volume from 5,5 through 4,5 to 1,0, respectively. The values of TDIF
will also arrive finally at a steady value 1,09; 1,23, 2, respectively, for a/h = 1, 2, ∞, when non-dimensional
time c3t/a is large. Note that other field intensity factors, namely Kτ , Kφ and Kψ , are related to Kw as show
Eq. (84).
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From the last Eq. (73), we have
Kw = 1
c˜44
(Kτ + αK D + βK B) (99)
Then Eq. (75) becomes












+ 2 (αβ + e2c˜44) K D K B + 2αKτ K D + 2βKτ K B
] (100)
or in matrix form
G (t) = 1
2
[Kτ , K D, K B]T C−1 [Kτ , K D, K B]T (101)
where C−1 is a compliance matrix of MEEMs defined by Eq. (31).
Selected numerical results are presented in this section to investigate the fracture behavior of a magneto-
electro-elastic composite namely BaTiO3–CoFe2O4, and second composite made from first and second mater-








and are determined as follows




20.00 × 10−12 m2/N 94.13 × 10−4 m2/C 10.17 × 10−6 Am/N
94.13 × 10−4 m2/C −62, 8 × 108 Vm/C 0
10.17 × 10−6 Am/N 0 −1.01 × 105 A2/N
⎤
⎦ (103)




19.88 × 10−12 m2/N 20.38 × 10−3 m2/C 18.33 × 10−6 Am/N
20.38 × 10−3 m2/C −1.89 × 108 Vm/C 18.78 × 103 Am/C
18.33 × 10−6 Am/N 18.78 × 103 Am/C −3.96 × 103 A2/N
⎤
⎦ (104)
Note that in both composites, piezo-electric/piezo-magnetic and first material–second material, the sums
of corresponding material parameters are the same. Using the mixture rule κc = κV f + κ ′
(
1 − V f
)
, where
κ with superscripts c without prime or prime denotes the corresponding constants in compliance matrices of
composite, first material and second material and V f is volume fraction of first material, the matrices (103)
and (104) are obtained.
The energy release rates are obtained as follows:
– composite BaTiO3–CoFe2O4 (1:1)





+ 9.415 × 10−3 ( m2/C) Kτ K D + 10, 17 × 10−6 (Am/N) Kτ K B (105)
– composite first material–second material (1:1)









Kτ K D + 18, 33 × 10−6 (Am/N) Kτ K B
(106)





10 − 31.4x2 − 5.05y2 + 0.94x + 0.1017y
9.94 − 0.945x2 − 0.198y2 + 0.01878xy + 2.038x + 0.1833y
for composites BaTiO3–CoFe2O4 (1:1) and first material–second material (1:1), respectively.
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Fig. 4 Energy release rate G¯ = GK 2τ · 10
12 N/m2 versus x = K DKτ · 1010 N/C and y = K BKτ · 108 A/m for BaTiO3–CoFe2O4
composite
Fig. 5 Energy release rate G¯ = GK 2τ · 10
12 N/m2 versus x = K DKτ · 1010 N/C and y = K BKτ · 108 A/m for first material–second
material composite
Figure 4 shows the effect of applied electric and magnetic fields on the energy release rate G¯ (non-dimensional
values) for composite BaTiO3–CoFe2O4.
Figure 5 shows this effect for composite made by first material–second material. It is seen that the applied
electric and/or magnetic loading D0 and B0 (or E0 and H0, see Eq. 13) retard the growth of the mode III crack.
The energy release rate G is affected by electro-magneto-elastic properties of the two constituents of composites.
Note that, the matrices (103) and (104) of generalized compliances of both composites are dissimilar. Also,
the matrices of generalized stiffness will be dissimilar since they are the inverse matrices of matrices (103)
and (104), respectively. These are: for BaTiO3–CoFe2O4 composite (1:1)




49.96 × 109 N/m2 74.82 × 10−3 C/m2 5.04 N/Am
74.82 × 10−3 C/m2 −0.159 × 10−9 C/Vm 7.55 × 10−12 C/Am
5.04 N/Am 7.55 × 10−12 C/Am −9.91 × 10−6 N/ A2
⎤
⎦ (107)




45.08 × 109 N/m2 4.89 C/m2 231.8 N/Am
4.89 C/m2 −4.77 × 10−9 C/Vm 1.36 × 10−12 C/Am
231.8 N/Am 1.36 × 10−12 C/Am −251 × 10−6 N/ A2
⎤
⎦ (108)
Due to the absence of magnetoelectric coupling coefficient in a single-phase piezo-electric and piezo-
magnetic material, the magneto-electric constant d11 existing only in the piezo-electric / piezo-magnetic
composite as a significant new feature cannot be determined by the mixture rule for stiffnesses. Therefore,
based on the analysis of micromechanics, this coefficient is obtained as d11 = 1, 36 × 10−12 C/Am for first–
second combination of materials and 7, 55 × 10−12 C/Am for barium titanate–cobalt iron oxide bi – material.
This is magnetoelectric coupling effect in composite of piezo-electric and piezo-magnetic phases.
From the Eqs. (105) and (106), it is shown that G (t) is not always negative even under pure electric and/or
magnetic loadings since Kτ relates to electric and/or magnetic loading as shown in equation (71)1. This main
draw back in static magneto-electro-elasticity no longer exists in the dynamic case. The critical value of G (t)
can be measured experimentally for MEEMs, and they have been done for metals.
6 Conclusions
• Interesting observation from Figs. 4 and 5 is that the energy release rate G is affected by electro-magneto-
elastic properties of the two constituents of the composites. The applied electric and/or magnetic loading
D0 and B0 (or E0 and H0) retard the growth (the propagation) of the mode III crack.
• The solution for field intensity factors for the electrically impermeable and magnetically permeable crack
is independent of the applied magnetic field.
• The solution for field intensity factors for the electrically permeable and magnetically impermeable crack
is independent of the applied electric displacement.
• For full impermeable case, the K D and K B do not vary with time, while the Kw, in connection with other
intensity factors Kτ , Kφ and Kψ , vary with time.
• Note that the plane x = 0 is a plane of symmetry (τxz = 0, Dx = 0, Bx = 0 on this plane). In
consequence, the solutions are valid for quarter-plane with edge crack of length a.
Open Access This article is distributed under the terms of the Creative Commons Attribution License which permits any use,
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